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Abstract
NURBS curve is widely used in Computer Aided Design and Computer Aided Geometric De-
sign. When a single weight approaches infinity, the limit of a NURBS curve tends to the
corresponding control point. In this paper, a kind of control structure of a NURBS curve,
called regular control curve, is defined. We prove that the limit of the NURBS curve is exactly
its regular control curve when all of weights approach infinity, where each weight is multi-
plied by a certain one-parameter function tending to infinity, different for each control point.
Moreover, some representative examples are presented to show this property and indicate its
application for shape deformation.
Keywords: NURBS curve, weights, regular control curve, toric degenerations, shape
deformation
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1. Introduction
Non-Uniform Rational B-Spline (NURBS) method, as a popular curve and surface modeling
technology, is widely used in Computer Aided Geometric Design (CAGD), Computer Aided De-
sign (CAD), and Geometric Modeling. NURBS method is the generalization of Be´zier method,
B-spline method, and rational Be´zier method. It converts the curve and surface fitting tool to a
unified representation. The theory of NURBS method can be referred to books and literatures
by Piegl and Tiller [1, 2, 3] and Farin et al. [4, 5].
The shape modification of existing objects plays an important role in geometric design
systems. Shape modification of NURBS curves and surfaces can be achieved by means of knot
vectors, control points and weights. It can be easily seen, by changing not only the positions of
control points, but also the values of weights, the shape of curve and surface can be modified.
Piegl and Tiller [1, 2] explained the geometric meaning of the NURBS curve when a single
weight approaches infinity: the curve tends to the corresponding control point. This property
is crucial for interactive shape design. Fig. 1 shows the effects of increasing a single weight ω3
of a quadric NURBS curve. Based on this property, Piegl and Tiller [2] presented a method to
finely tune the shape of a NURBS curve when a weight is allowed to be modified. Motivated by
Piegl’s work, scholars investigated how the shape of a NURBS curve changes when the weights
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of control points are modified. Au and Yuen [6], and Sa´nchez-Reyes [7] introduced approaches
to adjust the shape of NURBS curves by modifying the weights and location of the control
points simultaneously. Juha´sz [8] presented a method to adjust the shape of a NURBS curve
by modifying some weights. Not only did he study modifying the location of an arbitrary point
of a NURBS curve, but also considered the tangent direction. Zhang et al. [9] studied the
effects of the NURBS curve by modifying two weights, he also found that single position and
tangent constraints could be realized by a modification of three weights. The methods above
were presented to finely tune the shape of NURBS curves when one or some weights are allowed
to be modified, and they are all based on well-known geometric property of a single weight of
NURBS curve. However, seldom work focuses on identifying the meaning of a NURBS curve
when all weights tend to vary (even to infinity).
Figure 1: The effects of increasing a single weight ω3.
Toric geometry is systematically presented and developed gradually in the 1970s. Sturm-
fels [10] introduced the theory of toric varieties, toric ideals and Gro¨bner bases in detail. In
2002, Krasauskas [11] presented a new kind of multi-sided surface, named toric patches, which
is based upon toric variety from algebraic geometry and toric ideals from combinatorics. The
toric patches include the classical rational Be´zier curves and patches, and some multi-sided
patches as special cases. As we know that control points and control nets control the shape of
Be´zier patches. But the geometric meaning of control points plus the edges, triangle, quadran-
gle formed by the control points is still unknown. Carl de Boor and Ron Goldman proposed a
question in geometric modeling: What is the significance for modeling of such control structures
(control points plus edges) [12]? It’s worth noting that control points plus edges is not neces-
sarily control polygon. In 2011, Garc´ıa-Puente, Sottile and Zhu [12] explained the geometric
meaning of control structures (surfaces) of toric patches when all weights tend to infinity by
using the theory of toric varieties, toric ideals and toric degenerations, called the toric degen-
erations of Be´zier patches. Furthermore, Zhu [13] presented the toric degenerations of toric
varieties and toric ideals induced by regular decomposition. Zhu and Zhao [14, 15] also gave
the geometric conditions on the control polygon and control points set which guarantees the
injectivity (one-to-one property) of rational Be´zier curve and surfaces.
Our purpose of this paper is to explain the geometric meaning of the limit of NURBS
curves when all of weights tend to infinity. We define the regular control curve of the NURBS
curve and prove that the limit of NURBS is exactly its regular control curve when all of weights
approach infinity. This property generalizes the geometric meaning of a single weight of NURBS
curve and explains the geometric meaning of weights of NURBS curve. Our result provides the
possible applications for the injectivity checking of NURBS curve which plays an important
role in image warping and morphing, 3D deformation and volume morphing. Furthermore, we
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also provide an idea for shape modification and deformation of NURBS curve by altering many
weights.
The paper is organized as follows. In Section 2, we recall the definition of rational Be´zier
curve, toric degenerations of rational Be´zier curves, the definition of NURBS curve and knot
insertion algorithm. In Section 3, we define the “regular control curve”, a control structure of
a NURBS curve by the regular decomposition, and prove that which is the limit of the NURBS
curve. Since this property is proved based on toric degeneration of Be´zier curve, we say it is
the toric degeneration of NURBS curve. Moreover, we observe that if a curve is the limit of
a NURBS curve for the sequence of weights, then this curve must be a regular control curve
induced by some regular decomposition. Some representative examples are illustrated to show
the degeneration property of NURBS curves and point out its application for shape deformation
in Section 4. Finally, Section 5 concludes the whole paper.
2. Preliminaries
2.1. Rational Be´zier curves
Definition 1 ([4, 5]). For given control points bi ∈ R
d (d = 2, 3) and weights ωi, i =
0, 1, · · · , m, a rational Be´zier curve of degree m is defined by
F(v) =
∑m
i=0 ωibiB
m
i (v)∑m
i=0 ωiB
m
i (v)
, v ∈ [0, 1],
where Bmi (v) =
(
m
i
)
(1 − v)m−ivi are Bernstein basis functions and the control polygon of the
curve is the union of segments b0b1, · · · ,bm−1bm.
In 2002, a new method to construct the multi-sided surface patches, toric patches, was
presented by Krasauskas [11]. Following the Krasauskas’ toric patches, the toric Be´zier curve
can be defined. Given a set of finite lattice points A = {a0, a1, · · · , am} ⊂ Z, let conv(A) be
the convex hull of lattice points of the set A, and the interval ∆A = conv(A) can be defined
by {x ∈ R | 0 ≤ l0(x), 0 ≤ l1(x)} where l0(x) = x − a0, l1(x) = am − x and we assume that
ai < ai+1, i = 0, 1, · · · , m− 1. The following definition we refer to [12, 14].
Definition 2 ([12]). Given a set of finite lattice points A = {a0, a1, · · · , am} ⊂ Z, control
points B = {bai | ai ∈ A} ⊂ R
d, d = 2, 3, and weights ω = {ωai > 0 | ai ∈ A}, the parametric
curve,
FA,ω,B(x) =
∑m
i=0 ωaibaiβai,A(x)∑m
i=0 ωaiβai,A(x)
, x ∈ ∆A,
is called a toric Be´zier curve, where the functions βai,A(x) = cai l0(x)
l0(ai)l1(x)
l1(ai) are called
toric Be´zier basis functions, the coefficient cai > 0 and the union of segments ba0ba1 , · · · ,bam−1bam
is called the control polygon of the curve.
Write FA,ω,B for the image FA,ω,B(∆A). Note that when we set A = {0, 1, · · · , m}, ∆A =
[0, m], l0(x) = x, l1(x) = m − x is the boundary equations of ∆A, then toric Be´zier basis
is βi,A(x) = cil0(x)
l0(i)l1(x)
l1(i) = cix
i(m − x)m−i, for any i ∈ A. We assume x = nv and
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ci =
(
m
i
)
m−m, then βi,A(x) becomes the classical Bernstein basis B
m
i (v) and the toric Be´zier
curve can be parameter transformed as the rational Be´zier curve.
Since parameter transformation of curve does not affect the shape of curve, the definition of
toric Be´zier curve is equivalent to the definition of rational Be´zier curve. Moreover, because of
the concept of the set of finite lattice points A is introduced in toric Be´zier curve, the weights
and control points of curve can been indexed by the lattice points of A. For convenience of
analysis, we will use Definition 2 to represent a rational Be´zier curve.
2.2. Toric degenerations of rational Be´zier curves
In [12], for explaining the geometric meaning of control surfaces of toric patches, Garc´ıa-
Puente, Sottile and Zhu defined the regular decomposition of a set of finite lattice points. And
following this work, Zhu and Zhao [14] proposed the definition of regular decomposition of A
for dealing with the self-intersections of rational Be´zier curves. In this section, we first recall
some notations from [12] and [14].
Let A ⊂ Z be a set of finite lattice points and suppose that λ : A → R is a function. We
use a lifting function λ to lift all the lattice points of A into R2. Let Pλ be the convex hull of
the lifted points of the lattice points,
Pλ = conv{(ai, λ(ai)) | ai ∈ A} ⊂ R
2.
Each face of Pλ has an outward pointing normal vector, and its upper edges are those whose
normal vector has positive last coordinate. The union of the upper edges is the upper hull of
Pλ. If we project each of these upper edges back to R, then we get a set of closed intervals of ∆A
and the union of them covers ∆A. These closed intervals induce a regular domain decomposition
Tλ of ∆A. All the lattice points of A which belong to the same closed interval and whose lifted
points lie on a common “upper edge”, we get subset sj of A. Then the union of these subsets
of A is called a regular decomposition Sλ of A induced by λ.
Suppose that a lifting function λ induces a regular decomposition Sλ of A. If sj ∈ Sλ is a
subset, then the weights ω|sj = {ωai | ai ∈ sj} and the control points B|sj = {bai | ai ∈ sj}
indexed by elements of sj can construct a rational Be´zier curve by Definition 2, denoted by
Fsj ,ω|sj ,B|sj
. The regular control curve of the rational Be´zier curve FA,ω,B induced by the regular
decomposition Sλ is the union of those curves [12],
FA,ω,B(Sλ) :=
⋃
sj∈Sλ
Fsj ,ω|sj ,B|sj
.
Definition 3 ([12]). Given a set of finite integers A = {a0, · · · , am} ⊂ Z, control points
B = {bai | ai ∈ A} ⊂ R
d, d = 2, 3, and weights ω = {ωai > 0 | ai ∈ A}, the curve,
FA,ωλ(t),B(x; t) :=
∑m
i=0 t
λ(ai)ωaibaiβai,A(x)∑m
i=0 t
λ(ai)ωaiβai,A(x)
, x ∈ ∆A
is called a rational Be´zier curve parameterized by t, where ωλ(t) := {t
λ(ai)ωai | ai ∈ A}.
Theorem 1 ([12]).
lim
t→∞
FA,ωλ(t),B = FA,ω,B(Sλ)
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By Theorem 1, we know that if the control points B are fixed but the parameter t→∞, the
regular control curve induced by the lifting function λ is exactly the limit of rational Be´zier curve
FA,ωλ(t),B. Garc´ıa-Puente et al. [12] proved this property and which is called toric degeneration
of a rational Be´zier curve. Furthermore, they also proved the following result, which is converse
to Theorem 1.
Theorem 2 ([12]). If F ⊂ R3 is a set for which there is a sequence ω(1), ω(2), · · · of weights so
that
lim
τ→∞
FA,ω(τ),B = F,
then there exist a lifting function λ : A → R and weights ω such that F = FA,ω,B(Sλ) is a
regular control curve.
Example 1. LetA = {0, 1, 2, 3, 4} and ∆A = [0, 4]. For given control points B = {b0,b1,b2,b3,b4}
and weights ω = {3, 4, 2, 1.5, 1}, the quartic rational Be´zier curve FA,ω,B is shown in Fig. 2(a).
Suppose a lifting function λ1 take the values {2, 3, 4, 3, 2} at the lattice points of A (see
Fig. 3(a)), which induces a regular domain decomposition of ∆A, Tλ1 = {[0, 2], [2, 4]}, and
a regular decomposition of A, Sλ1 = {{0, 1, 2}, {2, 3, 4}}. Another lifting function λ2 take
the values {2, 3, 4, 2, 3} at the lattice points of A (see Fig. 3(b)), which induces the same reg-
ular domain decomposition with λ1 and a different regular decomposition with λ1, that is
Sλ2 = {{0, 1, 2}, {2, 4}}, since the lifted point (3, λ2(3)) does not lie on any upper edge of the
Pλ2 (see Fig. 3(b)).
For the subset s1 = {0, 1, 2} ∈ Sλ2, a rational quadratic Be´zier curve Fs1,ω|s1 ,B|s1
can be
constructed by the corresponding control points B|s1 = {b0,b1,b2} and weights ω|s1 = {3, 4, 2},
and parametric domain of the curve is [0, 2]. For the subset s2 = {2, 4} of Sλ2, a linear Be´zier
curve Fs2,ω|s2 ,B|s2
can be constructed by the corresponding control points B|s2 = {b2,b4} and
weights ω|s2 = {2, 1}, and parametric domain of the curve is [2, 4]. Then the union of those
two curves Fs1,ω|s1 ,B|s1
∪ Fs2,ω|s2 ,B|s2
is the regular control curve of FA,ω,B (as Fig. 2(b) shown).
By Theorem 1, the limit of a rational Be´zier curve FA,ωλ(t),B is the regular control curve shown
in Fig. 2(b) while the parameter t→∞, where ωλ2(t) = {3t
2, 4t3, 2t4, 1.5t2, t3}.
(a) Rational Be´zier
curve
(b) Regular control
curve
Figure 2: Rational Be´zier curve and its regular control curve.
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(a) Tλ1 and Sλ1 (b) Tλ2 and Sλ2
Figure 3: Regular decompositions of A induced by λ1 and λ2.
2.3. NURBS curves and knot insertion
Definition 4 ([1, 4, 5]). A pth degreeNURBS curve with the control pointsP = {P0,P1, · · · ,Pn+p−1}
and weights ω = {ω0, ω1, · · · , ωn+p−1} are defined by
R(u) =
∑n+p−1
i=0 ωiPiNi,p(u)∑n+p−1
i=0 ωiNi,p(u)
, u ∈ [0, 1] (2.1)
where {Ni,p(u)} are the B-spline basis functions of degree p defined on knot vector
U = {0, · · · , 0︸ ︷︷ ︸
p+1
, u1, u2, · · · , un−1, 1, · · · , 1︸ ︷︷ ︸
p+1
}. (2.2)
The union of segments P0P1, · · · ,Pn+p−2Pn+p−1 is called the control polygon of the curve.
Obviously, the NURBS curveR(u) defined on the knot vector Eq. (2.2) satisfies the endpoint
interpolation property. The geometric meaning of a single weight of NURBS curve can be
explained as: within the influence range (uα, uβ) of the control point Pi,
lim
ωi→+∞
R(u) = Pi, ∀u ∈ (uα, uβ),
where uα, uβ ∈ U and β − α = p + 1. Fig. 1 shows the NURBS curve moves toward or away
from the control points when one weight increases or decreases.
In order to study toric degeneration of NURBS curve, we recall the conversion from NURBS
curves to Be´zier form by knot insertion [1, 4, 5, 16]. Without loses of generality, in the rest of
paper we assume each of the interior knot ui of U for NURBS curve R(u) of degree p defined
as Eq. (2.1) is with multiplicity 1 and ui < ui+1, (i = 1, 2, · · · , n− 2). For NURBS curve R(u),
we can insert each existing knot p−1 times to make all of interior knots ui (i = 1, 2, · · · , n−1)
with multiplicity p. Note that the result of knot insertion is independent of the ordering of
inserting knots. If a interior knot is inserted, weights and control points of NURBS curve will
be recomputed. When (n− 1)(p− 1) interior knots are inserted, the weights
ω(n−1)(p−1) = {ω
(n−1)(p−1)
0 , ω
(n−1)(p−1)
1 , · · · , ω
(n−1)(p−1)
np }, (2.3)
and control points
P(n−1)(p−1) = {P
(n−1)(p−1)
0 ,P
(n−1)(p−1)
1 , · · · ,P
(n−1)(p−1)
np } (2.4)
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Figure 4: The Pyramid relationships between the weights ω¯ and control points B¯ with the original weights ω
and control points B.
of NURBS curve R(u) are generated, which defined on the new knot vector U (n−1)(p−1)
= {0, · · · , 0︸ ︷︷ ︸
p+1
, u1, · · · , u1︸ ︷︷ ︸
p
, · · · , un−1, · · · , un−1︸ ︷︷ ︸
p
, 1, · · · , 1︸ ︷︷ ︸
p+1
}.
Let u0 = 0, un = 1. By the parameter transformation v =
u−ui
ui+1−ui
, the NURBS curve R(u)
is a pth degree rational Be´zier curve Fm(v) in every interval [um−1, um], m = 1, 2, · · · , n, with
the weights
{ω
(n−1)(p−1)
0 , ω
(n−1)(p−1)
1 , · · · , ω
(n−1)(p−1)
p },
{ω
(n−1)(p−1)
p , ω
(n−1)(p−1)
p+1 , · · · , ω
(n−1)(p−1)
2p },
· · · ,
{ω
(n−1)(p−1)
(n−1)p , ω
(n−1)(p−1)
(n−1)p+1 , · · · , ω
(n−1)(p−1)
np },
(2.5)
and control points
{P
(n−1)(p−1)
0 ,P
(n−1)(p−1)
1 , · · · ,P
(n−1)(p−1)
p },
{P(n−1)(p−1)p ,P
(n−1)(p−1)
p+1 , · · · ,P
(n−1)(p−1)
2p },
· · · ,
{P
(n−1)(p−1)
(n−1)p ,P
(n−1)(p−1)
(n−1)p+1 , · · · ,P
(n−1)(p−1)
np }.
(2.6)
Then the NURBS curve R(u) is transformed into the union of those n pieces of rational Be´zier
curves.
The representations of the weights in Eq. (2.5) and control points in Eq. (2.6) are discussed
in Theorem 3, which relate to the original weights and control points. Theorem 3 can be proved
step by step via knot insertion [1, 4, 5, 16], which will be omitted here.
Theorem 3. Let the NURBS curve R(u) of degree p defined in Eq. (2.1) with the con-
trol points B = {P00,P
0
1, · · · ,P
0
n+p−1} and the weights ω = {ω
0
0, ω
0
1, · · · , ω
0
n+p−1}. After in-
serting knots to make all interior knots ui (i = 1, 2, · · · , n − 1) in the knot vector U =
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{0, · · · , 0︸ ︷︷ ︸
p+1
, u1, u2, · · · , un−1, 1, · · · , 1︸ ︷︷ ︸
p+1
} with multiplicity p, the generated weights ω(n−1)(p−1) in
Eq. (2.3) denoted by ω¯ and the generated control points P(n−1)(p−1) in Eq. (2.4) denoted by
B¯ which satisfy a certain relationship with the original weights ω and the control points B, as
Fig. 4 shown, where coefficients f i;ja;b (i = a, a + 1, · · · , b) are relevant to ω
0
i , P
0
i , computed via
knot insertion, and
∑b
i=a f
i;j
a;b = 1, (a ≤ b) in every element of ω¯ and B¯.
3. Toric degenerations of NURBS curves
This paper focuses on what happens when all of weights of a NURBS curve assume extreme
values. Since the curve is pulled towards the corresponding control point when a single weight
increases, furthermore, does the NURBS curve approximate all of control points simultaneously
when all of weights approach infinity. In this section, by defining a kind of control structure
of a NURBS curve, we present the toric degeneration of NURBS curve by using the toric
degeneration of rational Be´zier curve and indicate that the NURBS curve approximates to this
control structure when all of weights approach infinity.
For the convenience, we will use the following representation to represent a NURBS curve
R(u) in the rest of paper, which is similar with Definition 2 and equivalent to Definition 4.
Given a set of finite lattice points A = {0, 1, · · · , n+p−1} ⊂ Z, ∆A = conv(A) = [0, n+p−1],
control points B = {P0i | i ∈ A} ⊂ R
d, d = 2, 3, and weights ω = {ω0i > 0 | i ∈ A}, the
parametric curve,
RA,ω,B(u) :=
∑n+p−1
i=0 ω
0
iP
0
iNi,p(u)∑n+p−1
i=0 ω
0
iNi,p(u)
, u ∈ [0, 1] (3.1)
is called a NURBS curve of degree p, where the B-spline basis functions Ni,p(u) are defined on
the knot vector
U0 = {0, · · · , 0︸ ︷︷ ︸
p+1
, u1, u2, · · · , un−1, 1, · · · , 1︸ ︷︷ ︸
p+1
}. (3.2)
We set A¯ = {0, 1, · · · , np− 1, np} and ∆A¯ = [0, np]. The weights ω¯ = {ω
(n−1)(p−1)
i | i ∈ A¯}
and control points B¯ = {P
(n−1)(p−1)
i | i ∈ A¯} can be computed by Theorem 3, Eq. (2.5) and
Eq. (2.6). For NURBS curve RA,ω,B, we transform the curve into the union of n pieces of
rational Be´zier curves via knot insertion, and denote it by RA¯,ω¯,B¯. Let A
m = {(m− 1)p, (m−
1)p+1, · · · , mp} ⊂ A¯ and ∆Am = [(m−1)p,mp] ⊂ ∆A¯. Then
⋃n
m=1A
m = A¯. By Definition 2,
the mth piece rational Be´zier curve of NURBS curve RA¯,ω¯,B¯ is denoted by FAm,ωm,Bm, where
the weights ωm = {ω
(n−1)(p−1)
i | i ∈ A
m} and control points Bm = {P
(n−1)(p−1)
i | i ∈ A
m} are
indexed by the lattice points of Am. Then we have
RA,ω,B = RA¯,ω¯,B¯ =
n⋃
m=1
FAm,ωm,Bm. (3.3)
We study the change of a NURBS curve when the weights of all control points approach
infinite. Since the speed of weight of each control point tends to infinite may be different, we
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introduce the concept of the value of a lifted point λ(i) associated with the lattice point i.
Assume the speed of weight ω0i tends to infinite is t
λ(i), then we replace the weight ω0i with
tλ(i)ω0i . If the value of a lifted point λ(i) has a larger value, the weight ω
0
i of control point P
0
i
goes faster to infinity. In this paper, we assume a lifting function λ : i→ (i, λ(i)) to lift all the
lattice points i of A into R2 (as Fig. 5 shown). If we set ωλ(t) := {t
λ(i)ω0i | i ∈ A}, then the
curve,
RA,ωλ(t),B(u; t) :=
∑n+p−1
i=0 t
λ(i)ω0iP
0
iNi,p(u)∑n+p−1
i=0 t
λ(i)ω0iNi,p(u)
, u ∈ [0, 1]
is called NURBS curve RA,ω,B(u) of degree p defined in Eq. (3.1) parameterized by t.
Figure 5: A lifting function λ.
Suppose that the weights ω = {ω00, ω
0
1, · · · , ω
0
n+p−1} is parameterized by t, ωλ(t) := {t
λ(i)ω0i |
i ∈ A}. By Theorem 3, we take ωλ(t) as the new weights and the control points B stay the
same. After inserting knots, the weights ω¯λ(t) = {ω
(n−1)(p−1)
i | i ∈ A¯} and control points
B¯λ(t) = {P
(n−1)(p−1)
i | i ∈ A¯} with parameter t can be computed. For NURBS curve RA,ωλ(t),B,
we transform the curve into the union of n pieces of rational Be´zier curves, and denote it by
RA¯,ω¯λ(t),B¯λ(t). By Definition 2, the mth piece rational Be´zier curve of NURBS curve RA¯,ω¯λ(t),B¯λ(t)
is denoted by FAm,ωm
λm
(t),Bm
λm
(t), where the weights ω
m
λm(t) = {ω
(n−1)(p−1)
i | i ∈ A
m} ⊂ ω¯λ(t) and
control points Bmλm(t) = {P
(n−1)(p−1)
i | i ∈ A
m} ⊂ B¯λ(t) are indexed by the lattice points of A
m.
Then we have
RA,ωλ(t),B = RA¯,ω¯λ(t),B¯λ(t) =
n⋃
m=1
FAm,ωm
λm
(t),Bm
λm
(t). (3.4)
We study the n pieces of rational Be´zier curves FAm,ωm
λm
(t),Bm
λm
(t), m = 1, 2, · · · , n. For the
first piece rational Be´zier curve FA1,ω1
λ1
(t),B1
λ1
(t), the control points
B1λ1(t) = {P
(n−1)(p−1)
0 ,P
(n−1)(p−1)
1 , · · · ,P
(n−1)(p−1)
p }
= {P00,P
0
1,
∑2
i=1 f
i;2
1;2t
λ(i)ω0iP
0
i∑2
i=1 f
i;2
1;2t
λ(i)ω0i
, · · · ,
∑p
i=1 f
i;0
1;pt
λ(i)ω0iP
0
i∑p
i=1 f
i;0
1;pt
λ(i)ω0i
},
and weights are
ω1λ1(t) = {ω
(n−1)(p−1)
0 , ω
(n−1)(p−1)
1 , · · · , ω
(n−1)(p−1)
p }
= {tλ(0)ω00, t
λ(1)ω01,
2∑
i=1
f
i;2
1;2t
λ(i)ω0i , · · · ,
p∑
i=1
f
i;0
1;pt
λ(i)ω0i }.
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For m = 2, 3, · · · , n− 1, the control points and weights of the mth piece rational Be´zier curve
FAm,ωm
λm
(t),Bm
λm
(t) can be computed by
Bmλm(t) = {P
(n−1)(p−1)
(m−1)p ,P
(n−1)(p−1)
(m−1)p+1 , · · · ,P
(n−1)(p−1)
mp }
= {
∑p+m−2
i=m−1 f
i;0
m−1;p+m−2t
λ(i)ω0iP
0
i∑p+m−2
i=m−1 f
i;0
m−1;p+m−2t
λ(i)ω0i
,
∑b
i=a f
i;1
a;bt
λ(i)ω0iP
0
i∑b
i=a f
i;1
a;bt
λ(i)ω0i
,
· · · ,
∑b
i=a f
i;p−1
a;b t
λ(i)ω0iP
0
i∑b
i=a f
i;p−1
a;b t
λ(i)ω0i
,
∑p+m−1
i=m f
i;0
m;p+m−1t
λ(i)ω0iP
0
i∑p+m−1
i=m f
i;0
m;p+m−1t
λ(i)ω0i
},
ωmλm(t) = {ω
(n−1)(p−1)
(m−1)p , ω
(n−1)(p−1)
(m−1)p+1 , · · · , ω
(n−1)(p−1)
mp }
= {
p+m−2∑
i=m−1
f
i;0
m−1;p+m−2t
λ(i)ω0i ,
b∑
i=a
f
i;1
a;bt
λ(i)ω0i ,
· · · ,
b∑
i=a
f
i;p−1
a;b t
λ(i)ω0i ,
p+m−1∑
i=m
f
i;0
m;p+m−1t
λ(i)ω0i },
where a = m, b = p+m−2. For the last piece rational Be´zier curve FAn,ωn
λn
(t),Bn
λn
(t), the control
points and weights are
Bnλn(t) = {P
(n−1)(p−1)
(n−1)p ,P
(n−1)(p−1)
(n−1)p+1 , · · · ,P
(n−1)(p−1)
np }
= {
∑p+n−2
i=n−1 f
i;0
n−1;p+n−2t
λ(i)ω0iP
0
i∑p+n−2
i=n−1 f
i;0
n−1;p+n−2t
λ(i)ω0i
,
∑p+n−2
i=n f
i;1
n;p+n−2t
λ(i)ω0iP
0
i∑p+n−2
i=n f
i;1
n;p+n−2t
λ(i)ω0i
,
· · · ,P0n+p−2,P
0
n+p−1},
ωnλn(t) = {ω
(n−1)(p−1)
(n−1)p , ω
(n−1)(p−1)
(n−1)p+1 , · · · , ω
(n−1)(p−1)
np }
= {
p+n−2∑
i=n−1
f
i;0
n−1;p+n−2t
λ(i)ω0i ,
p+n−2∑
i=n
f
i;1
n;p+n−2t
λ(i)ω0i ,
· · · , tλ(n+p−2)ω0n+p−2, t
λ(n+p−1)ω0n+p−1}.
Consider the mth piece rational Be´zier curve FAm,ωm
λm
(t),Bm
λm
(t), we discuss the weights ω
m
λm(t)
and the location of control points Bmλm(t) when t → ∞. Suppose that the control point
P
(n−1)(p−1)
(m−1)p+j ∈ B
m
λm(t), j = 0, 1, · · · , p, is formed by the convex combination of the original
control points P0a,P
0
a+1, · · · ,P
0
b of B, where a, b ∈ A = {0, 1, · · · , n + p − 1} and a ≤ b, cor-
responding to the values of the lifted points, λ(a), λ(a+ 1), · · · , λ(b). Then by Theorem 3, we
have
P
(n−1)(p−1)
(m−1)p+j =
∑b
i=a f
i;j
a;bt
λ(i)ω0iP
0
i∑b
i=a f
i;j
a;bt
λ(i)ω0i
, j = 0, 1, · · · , p. (3.5)
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Suppose that the set ψ be the set of lattice points of A corresponding to the largest value of
{λ(a), λ(a+ 1), · · · , λ(b)}, then we have
lim
t→∞
P
(n−1)(p−1)
(m−1)p+j =
∑
i∈ψ f
i;j
a;bω
0
iP
0
i∑
i∈ψ f
i;j
a;bω
0
i
, (3.6)
and its corresponding weight limt→∞ ω
(n−1)(p−1)
(m−1)p+j =
∑
i∈ψ f
i;j
a;bω
0
i . Using this method, we can
get the geometric position of every control point in Bmλm(t) and the value of its corresponding
weight. We set B¯m = limt→∞ B
m
λm(t) and ω¯
m = limt→∞ ω
m
λm(t) denote the collections of the
control points of Bmλm(t) and weights of ω
m
λm(t) when t→∞, respectively.
According to regular decomposition of rational Be´zier curve presented in Section 2.2, we
can define a regular decomposition Smλ of the mth piece rational Be´zier curve FAm,ωmλm(t),Bmλm (t)
for m = 1, · · · , n. In order to get regular decompositions of rational Be´zier curves, we will
discuss the values of the lifted points of every rational Be´zier curve. Consider the function
λ : i → (i, λ(i)), i ∈ A = {0, 1, · · · , n + p − 1} induces a regular decomposition of Am by
lifting Am into R2 as follows, where m = 1, · · · , n. For m = 1, the values of the lifted points
associated with the lattice points of A1 are assigned as
λ1 = {λ(0), λ(1), max{λ(1), λ(2)}, · · · , max{λ(1), · · · , λ(p)}}.
For m = 2, · · · , n − 1, the values of the lifted points associated with the lattice points of Am
are assigned as
λm = {max{λ(m− 1), · · · , λ(p+m− 2)}, χ, χ, · · · , χ︸ ︷︷ ︸
p−1
, max{λ(m), · · · , λ(p+m− 1)}},
where χ = max{λ(m), · · · , λ(p+m− 2)}. For m = n, the values of the lifted points associated
with the lattice points of An are assigned as
λn = {max{λ(n− 1), · · · , λ(p+ n− 2)}, max{λ(n), · · · , λ(p+ n− 2)}, · · · ,
max{λ(n + p− 3), λ(p+ n− 2)}, λ(p+ n− 2), λ(p+ n− 1)}.
According to the above values of the lifted points, the regular decomposition Smλ of A
m induced
by λm can be obtained directly. The union of Smλ for m = 1, · · · , n is called the regular
decomposition of A¯, denoted by S¯λ.
Let smj be the subset of S
m
λ , ω
m|smj
= {ω
(n−1)(p−1)
i | i ∈ s
m
j } and B
m
|smj
= {P
(n−1)(p−1)
i |
i ∈ smj } be the weights and control points indexed by elements of s
m
j . ω
m|smj
and B
m
|smj
can
construct a rational Be´zier curve, denoted by Fsmj ,ωm|sm
j
,B
m
|sm
j
. By the regular decomposition
Smλ of A
m induced by λm , control points B¯m and weights ω¯m, we get the regular control curve
FAm,ωm,Bm(S
m
λ ) =
⋃
smj ∈S
m
λ
Fsmj ,ω
m|sm
j
,B
m
|sm
j
of FAm,ωm,Bm induced by S
m
λ .
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(a) NURBS curve (b) Curve after
knot insertion
(c) Regular control
curve induced by λ1
(d) Regular control
curve induced by λ2
Figure 6: The quadric NURBS curve and its regular control curve induced by λ1 and by λ2.
Definition 5. Given a set of finite lattice points A = {0, 1, · · · , n + p − 1} ⊂ Z, the control
points B = {P0i | i ∈ A} ⊂ R
d, d = 2, 3, and weights ω = {ω0i > 0 | i ∈ A}, suppose that we
have a regular decomposition S¯λ of A¯ induced by a lifting function λ, then the curve
RA,ω,B(S¯λ) = RA¯,ω¯,B¯(S¯λ)
=
n⋃
m=1
Fm
Am,ωm,B
m(Smλ )
=
n⋃
m=1
⋃
smj ∈S
m
λ
Fm
smj ,ω
m|sm
j
,B
m
|sm
j
is called the regular control curve of NURBS curve RA,ω,B induced by the regular decomposition
S¯λ.
Note that the regular control curve RA,w,B(S¯λ) is a C
0 spline curve and we will show that
it is the limit of the NURBS curve RA,ωλ(t),B when t→∞.
Example 2. Let
RA,ω,B(u) =
∑3
i=0 ω
0
iP
0
iNi,2(u)∑3
i=0 ω
0
iNi,2(u)
, u ∈ [0, 1]
be a quadratic NURBS curve defined on knot vector U0 = {0, 0, 0, 1
4
, 1, 1, 1} with the con-
trol points B = {P00,P
0
1,P
0
2,P
0
3} and weights ω = {ω
0
0, ω
0
1, ω
0
2, ω
0
3} = {3, 1, 2, 2}, where A =
{0, 1, 2, 3} (see Fig. 6(a)). The curve RA,ω,B consists of two pieces of rational Be´zier curves
after knot insertion (see Fig. 6(b)).
(1) Suppose that the lifting function λ1 has the assignments {1, 3, 2, 1} at the lattice
points of A, then we get the regular decomposition S¯λ1 = {{{0, 1}, {1, 2}}, {{2, 3, 4}}} of
A¯ = {0, 1, 2, 3, 4}. The regular control curve RA,ω,B(S¯λ) is the union of two parts. The
first one is the union of linear Be´zier curves formed by control points {P10 = P
0
0,P
1
1 = P
0
1},
{P11,P
1
2}, and the second part is a rational quadratic Be´zier curve formed by control points
{P12,P
1
3 = P
0
2,P
1
4 = P
0
3} and their corresponding weights. Since the control points P
1
2 goes
to P11 = P
0
1 while t goes to infinity, then RA,ω,B(S¯λ) degenerates into the union of a line seg-
ment P00P
0
1 and a rational quadratic Be´zier curves by control points {P
0
1,P
0
2,P
0
3} and their
corresponding weights (shown in Fig. 6(c)).
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(2) Suppose that the lifting function λ2 has the assignments {1, 3, 2, 0} at the lattice points
of A, we get the regular decomposition S¯λ2 = {{{0, 1}, {1, 2}}, {{2, 3}, {3, 4}}}. The regular
control curve RA,ω,B(S¯λ) is the union of two parts. The first one is the union of linear Be´zier
curves formed by control points {P10,P
1
1} and {P
1
1,P
1
2}, where as the second part consists of
two linear Be´zier curves formed by {P12,P
1
3} and {P
1
3,P
1
4}. Since the control points P
1
2 goes
to P11 = P
0
1 while t goes to infinity, then RA,ω,B(S¯λ) degenerates into the union of three line
segments P00P
0
1∪P
0
1P
0
2∪P
0
2P
0
3, which is exactly the control polygon of the NURBS curve RA,ω,B
(see Fig. 6(d)).
We will explain how to get the regular control curve of a NURBS curve in Section 4 in
detail. The following result shows that the regular control curve of the NURBS curve RA,ω,B
is just the limit of RA,ωλ(t),B when t goes to infinity.
Theorem 4. Let RA,ω,B be the NURBS curve of degree p with the control points B = {Pi | i ∈
A} ⊂ Rd, d = 2, 3, and weights ω = {ωi > 0 | i ∈ A} defined on the knot vector Eq. (3.2),
where A = {0, 1, · · · , n + p − 1} ⊂ Z. Suppose that RA,ω,B(S¯λ) is the regular control curve of
RA,ω,B induced by the regular decomposition S¯λ of A¯ and lifting function λ, then
lim
t→∞
RA,ωλ(t),B = RA,ω,B(S¯λ). (3.7)
Proof : By knot insertion, the NURBS curve RA,ωλ(t),B can be converted into n pieces of
rational Be´zier curves FAm,ωm
λm
(t),Bm
λm
(t), m = 1, 2, · · · , n.
Let Smλ be the regular decomposition of A
m by λm. Consider the rational Be´zier curve
FAm,ωm
λm
(t),Bm
λm
(t), we have
∥∥FAm,ωm
λm
(t),Bm
λm
(t) − FAm,ωm,Bm(S
m
λ )
∥∥ ≤
∥∥∥FAm,ωm
λm
(t),Bm
λm
(t) − FAm,ωm
λm
(t),B
m
∥∥∥
+
∥∥∥FAm,ωm
λm
(t),B
m − FAm,ωm,Bm(S
m
λ )
∥∥∥ .
where ‖·‖ is the Hausdorff distance between two subsets of R3 [12]. Since limt→∞ B
m
λm(t) = B
m
,
we have
lim
t→∞
∥∥∥FAm,ωm
λm
(t),Bm
λm
(t) − FAm,ωm
λm
(t),B
m
∥∥∥ = 0.
By Theorem 1 and limt→∞ ω
m
λm(t) = ω
m, when the control points B
m
are fixed but the parameter
t → ∞, the regular control curve induced by the regular decomposition Smλ of A
m is exactly
the limit of rational Be´zier curve, that is
lim
t→∞
FAm,ωm
λm
(t),B¯m = FAm,ωm,Bm(S
m
λ ),
then we get
lim
t→∞
∥∥∥FAm,ωm
λm
(t),B¯m − FAm,ωm,Bm(S
m
λ )
∥∥∥ = 0.
This means
lim
t→∞
FAm,ωm
λm
(t),Bm
λm
(t) = FAm,ωm,Bm(S
m
λ ).
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Note that the NURBS curve RA,ωλ(t),B can be convert into n pieces of rational Be´zier curves
after knot insertion,
RA,ωλ(t),B =
n⋃
m=1
FAm,ωm
λm
(t),Bm
λm
(t),
then the limit of NURBS curve RA,ωλ(t),B can be written as the limit of the union of those
rational Be´zier curves FAm,ωm
λm
(t),Bm
λm
(t), that is
lim
t→∞
RA,ωλ(t),B = lim
t→∞
n⋃
m=1
FAm,ωm
λm
(t),Bm
λm
(t)
=
n⋃
m=1
lim
t→∞
FAm,ωm
λm
(t),Bm
λm
(t)
=
n⋃
m=1
FAm,ωm,Bm(S
m
λ ).
By Definition 5, we get
lim
t→∞
RA,ωλ(t),B = RA,ω,B(S¯λ),
and this ends the proof.
This property of NURBS curve is called the toric degeneration of NURBS curve following the
toric degenerations of Be´zier curves and surfaces. The following result is converse to Theorem
4.
Theorem 5. Let A = {0, 1, · · · , n+ p− 1} ⊂ Z and B = {P0i | i ∈ A} ⊂ R
3 be control points.
If R ⊂ R3 is a set for which there is a sequence ω(1), ω(2), · · · of weights so that
lim
τ→∞
RA,ω(τ),B = R, (3.8)
then there are a regular decomposition S¯λ of A¯ induced by a lifting function λ and weights
ω = {ω0i > 0 | i ∈ A}, such that R is a regular control curve of NURBS curve, R = RA,ω,B(S¯λ).
Proof : Let Am = {(m − 1)p, (m − 1)p + 1, · · · , mp} ⊂ A¯, ∆Am = [(m − 1)p,mp], B
m =
{P
(n−1)(p−1)
i | i ∈ A
m} be control points and ωm
(τ)
= {ω
(n−1)(p−1)
i | i ∈ A
m} be weights for the
mth piece rational Be´zier curve F
Am,ωm
(τ)
,Bm
(m = 1, · · · , n) after knot insertion for NURBS
curve RA,ω(τ),B.
From the assumption,
lim
τ→∞
F
Am,ωm
(τ)
,Bm
= Fm,
where Fm is a set of R3. By Theorem 2, there is regular decomposition of Am induced by a
lifting function λm, weights ωm∗ and control points B
m
∗ , such that F
m = FAm,ωm
∗
,Bm
∗
(Smλ ) is a
regular control curve.
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Note that the NURBS curve RA,ω(τ),B is coincident with RA¯,ω¯(τ),B¯, then limτ→∞RA,ω(τ),B =
limτ→∞RA¯,ω¯(τ),B¯. We set R =
⋃n
m=1F
m, then
lim
τ→∞
RA,ω(τ),B = lim
τ→∞
RA¯,ω¯(τ),B¯ = lim
τ→∞
n⋃
m=1
Fm
Am,ωm
(τ)
,Bm
=
n⋃
m=1
lim
τ→∞
Fm
Am,ωm
(τ)
,Bm
=
n⋃
m=1
Fm =
n⋃
m=1
FmAm,ωm
∗
,Bm
∗
(Smλ ).
We set the lifting function λ of A taking the same value at the lattice points of Am, the weights
ω = {ω0i | i ∈ A} satisfying ω¯ =
⋃n
m=1 ω
m
∗ and control points B = {P
0
i | i ∈ A} satisfying
B¯ =
⋃n
m=1 B
m
∗ after knot insertion. Let S¯λ be the regular decomposition of A¯. By Definition 5,
we get
n⋃
m=1
FAm,ωm
∗
,Bm
∗
(Smλ ) = RA,ω,B(S¯λ)
is a regular control curve and this completes the proof.
4. Examples
Example 3. Let
RA,ω,B(u) =
∑4
i=0 ω
0
iP
0
iNi,2(u)∑4
i=0 ω
0
iNi,2(u)
, u ∈ [0, 1],
be a quadratic NURBS curve defined on knot vector U0 = {0, 0, 0, 1
4
, 3
4
, 1, 1, 1} with the weights
ω = {3, 2, 3, 2, 5} and control points B = {P00,P
0
1,P
0
2,P
0
3,P
0
4} (see Fig. 7(a)). Fig. 7(b) shows
the NURBS curve after inserting the knots 1
4
and 3
4
. Suppose that the lifting function λ has
the assignments {1, 2, 3, 2, 1} at the lattice points of A = {0, 1, 2, 3, 4}. We can define the
NURBS curve RA,ωλ(t),B with parameter t by a family of weights ωλ(t) = {3t, 2t
2, 3t3, 2t2, 5t}.
After inserting the knots 1
4
and 3
4
, the NURBS curve RA,ωλ(t),B is converted to the union of
three pieces of rational Be´zier curves, RA¯,ω¯λ(t),B¯λ(t) =
⋃3
m=1 FAm,ωmλm(t),B
m
λm
(t). The weights and
control points of NURBS curve RA¯,ω¯λ(t),B¯λ(t) can be obtained by Theorem 3,
ω¯λ(t) = {ω
2
0, ω
2
1, ω
2
2, ω
2
3, ω
2
4, ω
2
5, ω
2
6}
= {tλ(0)ω00, t
λ(1)ω01,
2∑
i=1
f
i;0
1;2t
λ(i)ω0i , t
λ(2)ω02,
3∑
i=2
f
i;0
2;3t
λ(i)ω0i , t
λ(3)ω03, t
λ(4)ω04},
B¯λ(t) = {P
2
0,P
2
1,P
2
2,P
2
3,P
2
4,P
2
5,P
2
6}
= {P00,P
0
1,
∑2
i=1 f
i;0
1;2t
λ(i)ω0iP
0
i∑2
i=1 f
i;0
1;2t
λ(i)ω0i
,P02,
∑3
i=2 f
i;0
2;3t
λ(i)ω0iP
0
i∑3
i=2 f
i;0
2;3t
λ(i)ω0i
,P03,P
0
4},
where f 1;01;2 =
2
3
, f
2;0
1;2 =
1
3
, f
2;0
2;3 =
1
3
, f
3;0
2;3 =
2
3
.
The lifting function λ induces the assignments on A¯ by {{1, 2, 3}, {3, 3, 3}, {3, 2, 1}} and
derives a regular decomposition S¯λ = {{{0, 1, 2}}, {{2, 3, 4}}, {{4, 5, 6}}} of A¯.
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(a) NURBS curve (b) Curve after knot
insertion
(c) The regular
control curve
Figure 7: The quadric NURBS curve before and after the knot insertion, and its regular control curve.
Consider the regular control curve of the first rational Be´zier curve FA1,ω1
λ1
(t),B1
λ1
(t) with
the control points {P20,P
2
1,P
2
2}, weights {ω
2
0, ω
2
1, ω
2
2} and lifting function λ
1 = {1, 2, 3}. Let
A1 = {0, 1, 2} and ∆A1 = [0, 2]. Since λ(1) = 2 < λ(2) = 3, the weights ω
2
0 = ω
0
0 = 3, ω
2
1 =
ω01 = 2, limt→∞ ω
2
2 =
1
3
ω02 = 1 and the control points P
2
0 = P
0
0,P
2
1 = P
0
1, limt→∞P
2
2 = P
0
2.
The lifting function λ1 = {1, 2, 3} induces a regular decomposition S1λ = {{0, 1, 2}} of A
1. For
the subset {0, 1, 2}, we can construct a rational quadratic Be´zier curve by the control points
{P20,P
2
1,P
2
2} = {P
0
0,P
0
1,P
0
2} and weights {ω
2
0, ω
2
1, ω
2
2} = {3, 2, 1}. Then the regular control
curve of the first rational Be´zier curve is the rational quadratic Be´zier curve.
Consider the regular control curve of the second rational Be´zier curve FA2,ω2
λ2
(t),B2
λ2
(t) with
the control points {P22,P
2
3,P
2
4}, weights {ω
2
2, ω
2
3, ω
2
4} and lifting function λ
2 = {3, 3, 3}. Let
A2 = {2, 3, 4} and ∆A2 = [2, 4]. Since λ(1) = 2 < λ(2) = 3 and λ(2) = 3 > λ(3) = 2, the
weights limt→∞ ω
2
2 =
1
3
ω02 = 1, ω
2
3 = ω
0
2 = 3, limt→∞ ω
2
4 =
1
3
ω02 = 1 and the control points
limt→∞P
2
2 = P
0
2, P
2
3 = P
0
2, limt→∞P
2
4 = P
0
2. The lifting function λ
2 = {3, 3, 3} induces a
regular decomposition S2λ = {{2, 3, 4}} of A
2. For the subset {2, 3, 4}, we can construct a
rational quadratic Be´zier curve by the control points {P22,P
2
3,P
2
4} and weights {ω
2
2, ω
2
3, ω
2
4}.
Then the regular control curve of the second rational Be´zier curve is the rational quadratic
Be´zier curve. Since the control points P22 and P
2
4 goes to P
2
3 = P
0
2 while t goes to infinity, then
the regular control curve degenerates into a point P02.
Consider the regular control curve of the third rational Be´zier curve FA3,ω3
λ3
(t),B3
λ3
(t) with
the control points {P24,P
2
5,P
2
6}, weights {ω
2
4, ω
2
5, ω
2
6} and lifting function λ
3 = {3, 2, 1}. Let
A3 = {4, 5, 6} and ∆A3 = [4, 6]. Since λ(2) = 3 > λ(3) = 2, the weights limt→∞ ω
2
4 =
1
3
ω02 =
1, ω25 = ω
0
3 = 2, ω
6
2 = ω
0
4 = 5 and the control points limt→∞P
2
4 = P
0
2,P
2
5 = P
0
3,P
2
6 = P
0
4.
The lifting function λ3 = {3, 2, 1} induces a regular decomposition S3λ = {{4, 5, 6}} of A
3. For
the subset {4, 5, 6}, we can construct a rational quadratic Be´zier curve by the control points
{P24,P
2
5,P
2
6} = {P
0
2,P
0
3,P
0
4} and weights {ω
2
4, ω
2
5, ω
2
6} = {1, 2, 5}. Then the regular control
curve of the third rational Be´zier curve is the rational quadratic Be´zier curve.
Then the regular control curve of the quadratic NURBS curve RA,ω,B is the union of two
pieces of rational quadratic Be´zier curves by control points {P00,P
0
1,P
0
2} and weights {3, 2, 1},
and control points {P02,P
0
3,P
0
4} and weights {1, 2, 5}, respectively (see Fig. 7(c)). Fig. 8 shows
the degeneration process of the curve with t = 2, 3, 5, 10, respectively.
Example 4. Consider the quadratic NURBS curve RA,ω,B in Example 3 with the control points
B = {P00,P
0
1,P
0
2,P
0
3,P
0
4} and weights ω = {3, 2, 3, 2, 5} (see Fig. 9(a)). Suppose that the lifting
function λ has the assignments {1, 4, 4, 1, 1} at the lattice points of A = {0, 1, 2, 3, 4}. After
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(a) t = 2 (b) t = 3 (c) t = 5 (d) t = 10
Figure 8: Toric degeneration of the quadric NURBS curve.
(a) NURBS curve (b) Regular control
curve
Figure 9: The quadric NURBS curve and its regular control curve.
inserting the knots 1
4
and 3
4
, RA,ωλ(t),B is converted to the union of three pieces of rational
quadratic Be´zier curves, RA¯,ω¯λ(t),B¯λ(t) =
⋃3
m=1 FAm,ωmλm(t),B
m
λm
(t). The lifting function λ induces
the assignments on A¯ by {{1, 4, 4}, {4, 4, 4}, {4, 1, 1}} and then derives a regular decomposition
S¯λ = {{{0, 1}, {1, 2}}, {{2, 3, 4}}, {{4, 6}}} of A¯.
Consider the regular control curve of FA1,ω1
λ1
(t),B1
λ1
(t) with the control points {P
2
0,P
2
1,P
2
2},
weights {ω20, ω
2
1, ω
2
2} and lifting function λ
1 = {1, 4, 4}. Since λ(1) = λ(2) = 4, the weights
ω20 = ω
0
0 = 3, ω
2
1 = ω
0
1 = 2, limt→∞ ω
2
2 =
2
3
ω01 +
1
3
ω02 =
7
3
and the control points P20 = P
0
0,
P21 = P
0
1, limt→∞P
2
2 =
2
3
ω01P
0
1+
1
3
ω02P
0
2
2
3
ω01+
1
3
ω02
= 4
7
P01 +
3
7
P02. The lifting function λ
1 = {1, 4, 4} induces
a regular decomposition S1λ = {{0, 1}, {1, 2}} of A
1. For the subset {0, 1}, we can construct a
linear Be´zier curve by the control points {P20,P
2
1} = {P
0
0,P
0
1} and weights {ω
2
0, ω
2
1} = {3, 2}.
For the subset {1, 2}, another linear Be´zier curve constructed by the control points {P21,P
2
2} =
{P01,
4
7
P01 +
3
7
P02} and weights {ω
2
1, ω
2
2} = {2,
7
3
} is obtained. We set P∗ = 4
7
P01 +
3
7
P02, then the
regular control curve of the first rational Be´zier curve is the union of those two line segments
P00P
0
1 ∪P
0
1P
∗.
Consider the regular control curve of FA2,ω2
λ2
(t),B2
λ2
(t) with the control points {P
2
2,P
2
3,P
2
4},
weights {ω22, ω
2
3, ω
2
4} and lifting function λ
2 = {4, 4, 4}. Since λ(1) = λ(2) = 4 and λ(2) >
λ(3), the weights limt→∞ ω
2
2 =
2
3
ω01 +
1
3
ω02 =
7
3
, ω23 = ω
0
2 = 3, limt→∞ ω
2
4 =
1
3
ω02 = 1 and
the control points limt→∞P
2
2 =
4
7
P01 +
3
7
P02,P
2
3 = P
0
2,limt→∞P
2
4 = P
0
2. The lifting function
λ2 = {4, 4, 4} induces a regular decomposition S2λ = {{2, 3, 4}} of A
2. For the subset {2, 3, 4},
we can construct a rational quadratic Be´zier curve by the control points {P22,P
2
3,P
2
4} = {
4
7
P01+
3
7
P02,P
0
2,P
0
2} and weights {ω
2
2, ω
2
3, ω
2
4} = {
7
3
, 3, 1}. Since the control points P24 goes to P
2
3 = P
0
2
while t goes to infinity and we set P∗ = 4
7
P01 +
3
7
P02, then the regular control curve degenerates
17
into a line segment P∗P02.
Consider the regular control curve of FA3,ω3
λ3
(t),B3
λ3
(t) with the control points {P
2
4,P
2
5,P
2
6},
weights {ω24, ω
2
5, ω
2
6} and lifting function λ
3 = {4, 1, 1}. Since λ(2) > λ(3), the weights
limt→∞ ω
2
4 =
1
3
ω02 = 1, ω
2
5 = ω
0
3 = 2, ω
2
6 = ω
0
4 = 5 and the control points limt→∞P
2
4 = P
0
2,
P25 = P
0
3, P
2
6 = P
0
4. The lifting function λ
3 = {4, 1, 1} induces a regular decomposition
S3λ = {{4, 6}} of A
3. For the subset {4, 6}, we can construct a linear Be´zier curve by the
control points {P24,P
2
6} = {P
0
2,P
0
4} and weights {ω
2
4, ω
2
6} = {1, 5}. Then the regular control
curve of the first rational Be´zier curve is the line segment P02P
0
4.
Since P∗ is located in line segment P01P
0
2, then the regular control curve of the quadratic
NURBS curve RA,ω,B is the union of three line segments P
0
0P
0
1 ∪P
0
1P
0
2 ∪P
0
2P
0
4, which is shown
in Fig. 9(b).
(a) NURBS curve (b) Regular control
curve
Figure 10: The cubic NURBS curve and its regular control curve.
Example 5. Let
RA,ω,B(u) =
∑4
i=0 ω
0
iP
0
iNi,3(u)∑4
i=0 ω
0
iNi,3(u)
, u ∈ [0, 1],
be a cubic NURBS curve defined on knot vector U0 = {0, 0, 0, 0, 1
3
, 1, 1, 1, 1} with the weights
ω = {1, 4, 1, 4, 1} and control points B = {P00,P
0
1,P
0
2,P
0
3,P
0
4} (see Fig. 10(a)). Suppose that
the lifting function λ has the assignments {1, 4, 2, 1, 1} at the lattice points of A = {0, 1, 2, 3, 4}.
RA,ωλ(t),B is converted to the union of two pieces of rational cubic Be´zier curves, RA¯,ω¯λ(t),B¯λ(t) =
(a) t = 2 (b) t = 10 (c) t = 20 (d) t = 30
Figure 11: Toric degeneration of the cubic NURBS curve.
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⋃2
m=1 FAm,ωmλm(t),B
m
λm
(t). The weights and control points of RA¯,ω¯λ(t),B¯λ(t) are
ω¯λ(t) = {ω
2
0, ω
2
1, ω
2
2, ω
2
3, ω
2
4, ω
2
5, ω
2
6}
= {tλ(0)ω00, t
λ(1)ω01,
2∑
i=1
f
i;2
1;2t
λ(i)ω0i ,
3∑
i=1
f
i;0
1;3t
λ(i)ω0i ,
3∑
i=2
f
i;1
2;3t
λ(i)ω0i , t
λ(3)ω03, t
λ(4)ω04},
B¯λ(t) = {P
2
0,P
2
1,P
2
2,P
2
3,P
2
4,P
2
5,P
2
6}
= {P00,P
0
1,
∑2
i=1 f
i;2
1;2t
λ(i)ω0iP
0
i∑2
i=1 f
i;2
1;2t
λ(i)ω0i
,
∑3
i=1 f
i;0
1;3t
λ(i)ω0iP
0
i∑3
i=1 f
i;0
1;3t
λ(i)ω0i
,
∑3
i=2 f
i;1
2;3t
λ(i)ω0i P
0
i∑3
i=2 f
i;1
2;3t
λ(i)ω0i
,P03,P
0
4}.
The lifting function λ induces the assignments on A¯ by {{1, 4, 4, 4}, {4, 2, 1, 1}}, and then
derives a regular decomposition S¯λ = {{{0, 1}, {1, 2, 3}}, {{3, 6}}} of A¯.
Consider the regular control curve of FA1,ω1
λ1
(t),B1
λ1
(t) with the control points {P
2
0,P
2
1,P
2
2,P
2
3},
weights {ω20, ω
2
1, ω
2
2, ω
2
3} and lifting function λ
1 = {1, 4, 4, 4}. The lifting function λ1 induces
a regular decomposition S1λ = {{0, 1}, {1, 2, 3}} of A
1 = {0, 1, 2, 3}. The regular control curve
is the union of a linear Be´zier curve by the control points {P20,P
2
1} and a rational quadratic
Be´zier curve by the control points {P21,P
2
2,P
2
3} and their corresponding weights. Since λ(1) >
λ(2) > λ(3), the control points P20 = P
0
0, P
2
1 = limt→∞P
2
2 = limt→∞P
2
3 = P
0
1, then the regular
control curve degenerates into a line segment P00P
0
1.
Consider the regular control curve of FA2,ω2
λ2
(t),B2
λ2
(t) with the control points {P
2
3,P
2
4,P
2
5,P
2
6},
weights {ω23, ω
2
4, ω
2
5, ω
2
6} and lifting function λ
2 = {4, 2, 1, 1}. The lifting function λ2 induces
a regular decomposition S2λ = {{3, 6}} of A
2 = {3, 4, 5, 6}. The regular control curve is a
linear Be´zier curve by the control points {P23,P
2
6}. Since λ(1) > λ(2) > λ(3), the control
points limt→∞P
2
3 = P
0
1, limt→∞P
2
4 = P
0
2, P
2
5 = P
0
3, P
2
6 = P
0
4, then the regular control curve
degenerates into a line segment P01P
0
4.
Then the regular control curve of the cubic NURBS curve RA,ω,B is the union of two line
segments P00P
0
1 ∪ P
0
1P
0
4 (see Fig. 10(b)). Fig. 11 shows the degeneration process of the curve
with t = 2, 10, 20, 30, respectively.
Example 6. Let
RA,ω,B(u) =
∑8
i=0 ω
0
iP
0
iNi,5(u)∑8
i=0 ω
0
iNi,5(u)
, u ∈ [0, 1],
be a quintic NURBS curve defined on knot vector
U0 = {0, 0, 0, 0, 0, 0,
1
4
,
1
3
,
1
2
, 1, 1, 1, 1, 1, 1}
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(a) NURBS curve (b) Regular control
curve
Figure 12: The quintic NURBS curve and its regular control curve.
(a) t = 2 (b) t = 5 (c) t = 10 (d) t = 20
Figure 13: Toric degeneration of the quintic NURBS curve.
with the weights ω = {1, 2, 3, 2, 1, 3, 2, 1, 2} and control points B = {P00,P
0
1,P
0
2,P
0
3,P
0
4,P
0
5,P
0
6,P
0
7,P
0
8},
the curve is shown in Fig. 12(a). Suppose that the lifting function λ = {2, 1, 1, 3, 1, 2, 3, 2, 1}, the
regular control curve of the quintic NURBS curve after the degeneration is shown in Fig. 12(b),
which is the union of a rational quadratic Be´zier curve and two line segments. Fig. 13 shows
the degeneration process of the curve with t = 2, 5, 10, 20, respectively.
In the next three examples, we indicate the application of our results for shape deformation.
Through the toric degeneration of NURBS curve, if a lifting function is given, then the limit
of NURBS curve RA,ωλ(t),B is determined. It means that if we choose the lifting functions
properly, then the original curve (composed of NURBS curves) can be deformed to the target
curve (composed of regular control curves of the NURBS curves). Furthermore, our results also
point out the potential application for computer animation.
(a) A wooden club (b) t = 5 (c) t = 10 (d) t = 20
Figure 14: The deformation process of a wooden club.
Example 7. Figure 14 shows the shape deformation of a wooden club to a tie by using toric
degenerations of NURBS curves. The wooden club (see Figure 14(a)) is composed of two
20
(a) A vase (b) t = 0.5 (c) t = 2 (d) t = 4 (e) t = 8
Figure 15: The deformation process of a vase.
(a) A bear’s face (b) t = 1 (c) t = 4 (d) t = 12 (e) t = 20
Figure 16: The deformation process of a bear’s face.
pieces of NURBS curves on knot vectors {0, 0, 0, 0, 1
2
, 1, 1, 1, 1} and {0, 0, 0, 0, 1
3
, 2
3
, 1, 1, 1, 1}.
The lifting functions correspond to these two pieces of NURBS curves are λ1 = {1, 2, 2, 2, 2, 1}
and λ2 = {1, 3, 4, 3, 1}. Then the limit of the wooden club is a tie (see Figure 14(d)).
Example 8. Figure 15 shows the shape deformation processes of a vase. The vase (see Figure
15(a)) is composed of two pieces of NURBS curves on knot vector {0, 0, 1
2
, 1, 1}, and two pieces
of NURBS curves on knot vector {0, 0, 0, 0, 0, 0, 0, 0, 1
2
, 1, 1, 1, 1, 1, 1, 1, 1}. The lifting functions
correspond to these four pieces of NURBS curves are λ1 = λ2 = {1, 1, 1} and λ3 = λ4 =
{2, 1, 1, 1, 3, 1, 1, 1, 2}, respectively. In the degeneration process of NURBS curves, the fat vase
transforms into a thin vase (see Figure 15(e)).
Example 9. Figure 16 shows the shape deformation processes of a bear’s face (see Figure
16(a)). Each ear of the bear is a quadratic NURBS curve defined on knot vector {0, 0, 0, 1
2
, 1, 1, 1}
with the lifting function λ1 = {1, 2, 1, 1}. Each eye of the bear is a cubic NURBS curve de-
fined on knot vector {0, 0, 0, 0, 1
4
, 1
2
, 3
4
, 1, 1, 1, 1} with the lifting function λ2 = {2, 1, 1, 3, 1, 1, 2}.
The rest of the bear’s face is composed of three pieces of NURBS curves on knot vector
{0, 0, 0, 1
3
, 2
3
, 1, 1, 1} with the lifting function λ3 = {1, 1, 2, 1, 1}. After the toric degenerations
of NURBS curves, the bear’s face degenerates to a fox’s face (see Figure 16(e)).
5. Conclusion
In this paper, we define a regular control curve of a NURBS curve by regular decomposition
and propose the geometric meaning of this control curve. The regular control curve is the limit
of a NURBS curve when the control points and weights are fixed but the parameter t → ∞.
Conversely, the regular control curve is also a curve which is the limit of a NURBS curve with
control points, but differing weights. If the regular decompositions induced by different lifting
21
functions, then the limit curves of the NURBS curve (i.e., regular control curves) are different
(see Example 2). The control polygon of a NURBS curve is a regular control curve when the
NURBS curve reduced by a certain regular decomposition (see Example 2(2)). This paper also
improves the geometric meaning of weights of NURBS curve, the curve tends to the regular
control curve we defined when all of weights approach infinity. In Example 6, the NURBS
curve arises a self-intersection in the toric degeneration process (see Fig. 13) and then our work
provides possible application for checking the injectivity of NURBS curve. Moreover, we also
provide an idea for shape deformation of NURBS curves by the presented results. We will study
the application of the toric degeneration of NURBS curve for animation in future.
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